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The momentum space subtraction (MOM) scheme is one of the most frequently used renormal-
ization schemes in perturbative QCD (pQCD) theory. In the paper, we make a detailed discussion
on the gauge dependence of the pQCD prediction under the MOM scheme. Conventionally, there
is renormalization scale ambiguity for the fixed-order pQCD predictions, which assigns an arbitrary
range and an arbitrary error for the fixed-order pQCD prediction. The principle of maximum confor-
mality (PMC) adopts the renormalization group equation to determine the magnitude of the coupling
constant and hence determines an effective momentum flow of the process, which is independent to
the choice of renormalization scale. There is thus no renormalization scale ambiguity in PMC predic-
tions. To concentrate our attention on the MOM gauge dependence, we first apply the PMC to deal
with the pQCD series. We adopt the Higgs boson decay width, Γ(H → gg), up to five-loop QCD
contributions as an example to show how the gauge dependence behaves before and after applying
the PMC. Different interaction vertices have been chosen for defining the MOM-schemes such as the
mMOM, theMOMh, the MOMq, the MOMg, and theMOMgg schemes. Under those MOM schemes,
we obtain Γ(H → gg)|mMOMPMC = 332.8+11.6−3.7 ± 7.3 KeV, Γ(H → gg)|MOMhPMC = 332.8+27.5−34.6 ± 7.3 KeV,
Γ(H → gg)|MOMqPMC = 332.9+27.4−34.7 ± 7.3 KeV, Γ(H → gg)|MOMgPMC = 332.7+27.5−34.6 ± 7.3 KeV, Γ(H →
gg)|MOMggPMC = 337.9+1.2−1.7±7.7 KeV, where the central values are for the Landau gauge with the gauge
parameter ξMOM = 0, and the first errors are for ξMOM ∈ [−1, 1], the second ones are caused by
taking ∆αMSs (MZ) = ±0.0011. The uncertainty of the Higgs mass ∆MH = 0.24 GeV will cause an
extra error ∼ ±1.7 (or ∼ ±1.8) KeV for all the mentioned MOM schemes. It is found that the Higgs
decay width Γ(H → gg) depends very weakly on the choices of the MOM schemes, being consistent
with the renormalization group invariance. It is found that the gauge dependence of Γ(H → gg)
under the MOMgg scheme is less than ±1%, which is the smallest gauge dependence among all the
mentioned MOM schemes.
I. INTRODUCTION
Quantum chromodynamics (QCD) is believed to be
the field theory of hadronic strong interactions. Due to
its asymptotic freedom property [1, 2], the QCD strong
coupling constant becomes numerically small at short dis-
tances, allowing perturbative calculations for the high-
energy processes. The QCD theory in a covariant gauge
with massless quarks has three fundamental propagators
which are for the gluon, the ghost and the quark fields,
respeectively, and four fundamental vertices, namely the
triple-gluon, the four-gluon, the ghost-gluon and the
quark-gluon vertices. In the literature, various renor-
malization schemes have been adopted to regularize and
remove the ultraviolet divergences emerged at higher per-
turbative orders. Among them, the momentum space
subtraction (MOM) scheme [3–8] has also been frequently
used in addition to the conventional minimum substrac-
tion scheme [9], which carries considerable information
of various quark and gluon interaction vertices at spe-
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cific momentums and leads to a better convergence for
some cases. Initially, the MOM scheme is defined via
renormalizing the three-point vertices of the QCD La-
grangian at the completely symmetric point [3, 4], i.e.
the squared momentum of each external momentum of
the vertex is equal. Lately, the asymmetric point with
one of the external momentum vanishes for the three-
point vertex has been suggested [7, 10, 11], which has
the property of avoiding the infrared divergence in mass-
less QCD theory. More explicitly, the minimal MOM
(mMOM) scheme [7] which subtracts at the asymmet-
ric point where one external momentum vanishes has
been suggested as an alternation of the original sym-
metric MOM scheme. It is an extension of the MOM
scheme on the ghost-gluon vertex and allows the strong
coupling to be fixed solely through a determination of the
gluon and ghost propagators. Further more, there are
other four kinds of asymmetric MOM schemes, e.g. the
one with vanishing momentum for the incoming ghost in
the ghost-gluon vertex, the one with vanishing momen-
tum for the incoming quark in the quark-gluon vertex,
and the two schemes in dealing with the case of van-
ishing momentum for the incoming gluon in the triple-
gluon vertex, respectively. Following the same notions as
those of Ref.[11], we label the first two MOM schemes as
MOMh and MOMq schemes, and the other two schemes
2as MOMg and MOMgg schemes [12, 13], respectively.
Even though the MOM schemes have been successfully
applied in various high-energy processes, in different to
the minimum substraction scheme, it has been found that
the MOM scheme breaks down the gauge invariance. It
is interesting to show whether the gauge dependence ex-
ists for all (typical) kinds of MOM schemes, or to find a
MOM scheme with minimum gauge dependence.
The strong coupling is the most important component
of the pQCD theory, we need to know its exact magnitude
at any scale so as to derive an accurate pQCD prediction.
The scale running behavior of the strong coupling is con-
trolled by the renormalization group equation (RGE),
or the β-function. The RGE for the MOM scheme can
be related to the one under the modified minimal sub-
traction scheme (e.g. the MS scheme [14]) via proper
relations. At the present, the explicit expressions of the
{βi}-functions under the MS scheme have been known
up to five-loop level in Refs.[15–25]. Thus the five-loop
{βi}-functions for the MOM schemes (mMOM, MOMh,
MOMq, MOMg and MOMgg) can be determined with
the help of the known five-loop relations [7, 11, 26, 27] to
the MS scheme. Another way of deriving the running be-
havior of the MOM strong coupling up to five-loop level
can be found in Ref.[28]. A key component for solving the
β-function is the QCD asymptotic scale Λ. The asymp-
totic scale in MS-scheme can be fixed by using the PDG
world average of the strong coupling constant at the scale
of Z0 boson mass, αMSs (MZ) = 0.1181 ± 0.0011, which
leads to Λ
nf=5
MS
= 0.210 ± 0.014 GeV [29]. The asymp-
totic scale for a MOM scheme can be derived by using
the Celmaster-Gonsalves relation [3–7], e.g.
ΛMOM
ΛMS
= exp
[−b1(ξMOM)
2β0
]
, (1)
where ξMOM is the gauge parameter, b1(ξ
MOM) is the
next-to-leading order (NLO) coefficient of the perturba-
tive series of αMOMs expanded over α
MS
s , i.e. α
MS
s =
αMOMs +b1(ξ
MOM)α2,MOMs +b2(ξ
MOM)α3,MOMs + · · · . The
above relation is correct up to all orders [30]. As an ex-
ample, for the mMOM scheme, we have
ΛmMOM
ΛMS
= exp
[(
9ξ2,mMOM + 18ξmMOM + 169
)
CA − 80Tnf
264CA − 96Tnf
]
,(2)
where CA = 3, T = 1/2 for SU(3) color group, and nf is
the active flavor number.
The MOM scheme could be a useful alternative to the
MS scheme for studying the behavior and truncation un-
certainty of the perturbation series. Many MOM appli-
cations have been done in the literature, e.g. two typical
MOM applications for the Higgs-boson decays to gluons
and the R-ratio for the electron-positron annihilation can
be found in Refs.[6, 30–33]. Moreover, the processes in-
volving three-gluon or four-gluon vertex provides an im-
portant platform for studying the renormalization scale
setting problem. For the three-gluon vertex, it has al-
ready been pointed out that the typical momentum flow
which appears in the three-gluon vertex should be a func-
tion of the virtuality of three external gluons [34]. As an
example, because of the improved convergence, a more
accurate and reliable pQCD prediction for Pomeron in-
tercept can be achieved under the MOM scheme other
than the MS scheme [35–38]. The MOM scheme can also
be helpful to avoid the small scale problem emerged in
MS scheme [39, 40] 1.
The Higgs boson is a crucially important component
of the Standard Model (SM), its various decay chan-
nels are important components for Higgs phenomenol-
ogy. Among those decay channels, the decay width of
H → gg have been calculated up to five-loop level un-
der the MS scheme [41–50]. Using the relations among
the strong coupling constants under various renormal-
ization schemes, one can obtain the corresponding five-
loop MOM expression for the Higgs boson decay width
Γ(H → gg) from the known MS expression. A way to
transform the pQCD predictions from one renormaliza-
tion scheme to another renormalization scheme has been
explained in detail in Ref.[51]. In the paper, we shall
adopt the decay width Γ(H → gg) up to five-loop QCD
contributions as an explicit example to show how the
gauge dependence of the MOM prediction behaves with
increasing known perturbative orders.
Following the standard renormalization group invari-
ance (RGI), a physical observable (corresponding to an
infinite order pQCD prediction) should be independent to
the choices of renormalization scale and renormalization
scheme. For a fixed-order pQCD prediction, convention-
ally, people uses guessed renormalization scale together
with an arbitrary range to estimate its uncertainty, which
leads to the mismatch of strong coupling constant with
its coefficient at each order and then results as con-
ventional renormalization scheme-and-scale ambiguities.
Many scale setting approaches have been suggested to
solve the renormalization scale ambiguity. Among them,
the principle of maximum conformality (PMC) [52–56]
has been suggested to eliminate the conventional renor-
malization scheme-and-scale ambiguities simultaneously.
In different to other scale-setting approaches such as the
RG-improved effective coupling method [57, 58] and the
Principle of Minimum Sensitivity [59–63] and the sequen-
tial BLM [64, 65] or its alternated version Modified se-
BLM [66], the purpose of PMC is not to find an optimal
renormalization scale but to fix the running behavior of
the strong coupling constant with the help of the RGE,
whose argument is called as the PMC scale. The PMC
scale is physical in the sense that its value reflects the
“correct” typical momentum flow of the process, which
1 Because of commensurate scale relations [40], one can obtain
relations of the scales under various schemes so as to achieve
a scheme-independent prediction, and the small scale in one
scheme could be amplified in another scheme.
3is independent to the choice of renormalization scale. Af-
ter applying the PMC, the convergence of the pQCD se-
ries can be greatly improved due to the elimination of
divergent renormalon terms. The PMC has a solid the-
oretical foundation, it satisfies the standard RGI and all
the self-consistency conditions of the RGE [67]. Detailed
discussions and many applications of the PMC can be
found in the reviews [68–71]. In the paper, we shall first
adopt the PMC to eliminate the renormalization scale
ambiguity and then discuss the gauge dependence of the
MOM predictions on the decay width Γ(H → gg).
The remaining parts of the paper are organized as fol-
lows. In Sec.II, we give the basic components and the
formulas for transforming the strong coupling constant
from various MOM schemes to MS scheme, which are
important to transform the known MS pQCD series to
MOM one. In Sec.III, we give a brief review on the PMC
single-scale approach, which shall be adopted to do our
present PMC analysis. In Sec.IV, we discuss the gauge
dependence of the decay width Γ(H → gg) under the
above mentioned five asymmetric MOM schemes. Sec.V
is reserved for a summary. Some detailed formulas are
given in the Appendix.
II. THE MOMENTUM SPACE SUBTRACTION
SCHEMES
The scale dependence of the strong coupling is con-
trolled by the following β-function,
β(a(µ)) = µ2
∂a(µ)
∂µ2
= −
∞∑
i=0
βia(µ)
i+2, (3)
where µ is the renormalization scale, a(µ) ≡ αs(µ)/(4π).
The {βi}-functions are scheme dependent, and their ex-
pressions up to five-loop level under the MS-scheme are
available in Refs.[15–25]. For short, when there is no
confusion, we set a = a(µ) in the following discussions.
For an arbitrary renormalization scheme R, the respec-
tive renormalization of the gluon, quark and ghost fields
are of the form
(AB)bν =
√
ZR3 (A
R)bν , (4)
ψB =
√
ZR2 ψ
R, (5)
(cB)b =
√
Z˜R3 (c
R)b, (6)
where ZR3 , Z
R
2 and Z˜
R
3 are the renormalization constants
of the gluon field A, the quark field ψ, and the ghost field
c, respectively. The superscripts ‘B’ and ‘R’ denote the
bare and the renormalized fields, respectively. The super-
script ‘b’ is the color index for the adjoint representation
of the gauge group.
By using the usually adopted dimensional regulariza-
tion [72] (we work in D = 4 − 2ǫ dimension), the renor-
malized strong coupling a and the gauge parameter ξ can
be written as follows:
aB = µ2ǫZRa a
R, (7)
ξB = ZR3 ξ
R, (8)
where we have used the fact that the gauge parameter
is also renormalized by the gluon field renormalization
constant. The bare strong coupling is scale invariant,
and the D-dimensional β-function for the renormalized
strong coupling can be derived by doing the derivative
over both sides of Eq.(7):
0 =
daB
d lnµ2
(9)
= ǫZRa a
Rµ2ǫ +
dZRa
daR
daR
d lnµ2
aRµ2ǫ + ZRa
daR
d lnµ2
µ2ǫ.(10)
Then, we obtain
daR
d lnµ2
= − ǫZ
R
a a
R
dZRa
daR
aR + ZRa
= −ǫaR + β (aR) . (11)
The renormalization of the gluon, ghost and quark self-
energies can be performed as follows
1 + ΠRA = Z
R
3 (1 + Π
B
A), (12)
1 + Π˜Rc = Z˜
R
3 (1 + Π˜
B
c ), (13)
1 + ΣRV = Z
R
2 (1 + Σ
B
V ), (14)
and the renormalization of the triple-gluon, the ghost-
gluon and the quark-gluon vertexes can be performed as
follows:
TRi = Z
R
1 T
B
i , i = 1, 2, (15)
Γ˜Ri = Z˜
R
1 Γ˜
B
i , i = h, g, (16)
ΛRi = Z¯
R
1 Λ
B
i ,Λ
T,R
i = Z¯
R
1 Λ
T,B
i , i = q, g, (17)
where the vertex renormalization constants are related
to the field and coupling renormalization constants via
the Ward-Slavnov-Taylor identities (i.e. the generalized
Ward-Takahashi identities [76–79]) by
√
ZR3 Z
R
a =
ZR1
ZR3
=
Z˜R1
Z˜R3
=
Z¯R1
ZR2
. (18)
Under the minimal subtraction scheme (MS) [9] in
which the ultraviolet divergence (1/ǫ-terms) in pQCD se-
ries are directly subtracted, the renormalized parameters
ZMSk can be written as
ZMSk = 1 +
∞∑
n=1
(
n∑
m=1
bMSm,n
ǫm
)
aMS,n, (19)
where the coefficients bMSm,n are free of µ-dependence [73].
The renormalized constant ZMSa is gauge independent,
4which takes the following form
ZMSa =1−
β0
ǫ
aMS +
(
β20
ǫ2
− β1
2ǫ
)
a2,MS −
(
β30
ǫ3
− 7β0β1
6ǫ2
+
β2
3ǫ
)
a3,MS +
(
β40
ǫ4
− 23β1β
2
0
12ǫ3
+
20β2β0 + 9β
2
1
24ǫ2
−β3
4ǫ
)
a4,MS −
(
β50
ǫ5
+
172β2β
2
0 + 157β
2
1β0
120ǫ3
−163β1β
3
0
60ǫ4
− 34β1β2 + 39β0β3
60ǫ2
− β4
5ǫ
)
a5,MS + · · · .(20)
Here the {βi}-functions are for the MS scheme, which
are the same for all the other dimensional-like renormal-
ization schemes. This is due to the fact that the strong
coupling among the dimensional-like schemes can be sim-
ply related via a scale shift [55], e.g. the MS scheme dif-
fers from the MS scheme by an additional absorbtion of
ln 4π− γE, which corresponds to redefining the MS scale
µMS as µ
2
MS = µ
2
MS
exp (ln 4π − γE). Gross and Wilczek
found that the LO {βi}-functions under the dimensional-
like renormalization schemes are gauge independent [74],
and lately, Caswell and Wilczek gave a proof of such
gauge independence up to all orders [75] 2.
Using Eq.(8), one obtains the following relations for
the strong coupling and gauge parameter between the
MOM and MS schemes:
aMOM =
ZMSa
ZMOMa
aMS, (21)
ξMOM =
ZMS3
ZMOM3
ξMS. (22)
It has been found that the MOM scheme is gauge depen-
dent. In MOM scheme [7, 11, 26], the gluon, ghost and
quark self-energies are absorbed into the field renormal-
ization constants at the subtraction point q2 = −µ2:
1 + ΠMOMA (−µ2) = ZMOM3
[
1 + ΠBA(−µ2)
]
= 1, (23)
1 + Π˜MOMc (−µ2) = Z˜MOM3
[
1 + Π˜Bc (−µ2)
]
= 1, (24)
1 + ΣMOMV (−µ2) = ZMOM2
[
1 + ΣBV (−µ2)
]
= 1. (25)
Using Eq.(8), we obtain the following relationship of
the gauge parameters under the MS scheme and MOM
scheme:
ξMOM =
(
1 + ΠMSA
)
ξMS. (26)
2 A demonstration of the gauge independence of the anomalous
dimensions which ensure the scale invariance of a physical ob-
servable has also been given there.
In the following subsections, we make a simple intro-
duction of five asymmetric MOM schemes, giving the re-
lations of the strong couplings under those schemes with
the one under the conventional MS scheme, and their
gauge-dependent basic components, which are done by
renormalizing the three-point vertices, such as the ghost-
gluon, the gluon-quark and the triple-gluon ones, at the
asymmetric point with one of the external momentum of
the vertex vanishes, respectively.
A. The propagators
(a)
a, µ b, ν
q
(b)
i j
q
(c)
a b
q
FIG. 1. The gluon, the quark and the ghost propagators
Πabµν(q), Σ
ij(q) and Π˜ab(q).
The gluon, the quark and the ghost propagators, as
shown by Fig.1, take the following form
Dabµν(q) = −
δab
q2
[(
−gµν + qµqν
q2
) 1
1 + ΠA(q2)
− ξ qµqν
q2
]
,(27)
Sij(q) = − δ
ij/q
q2
(
1 + ΣV (q2)
) , (28)
∆ab(q) = − δ
ab
q2
(
1 + Π˜c(q2)
) , (29)
where a and b are color indices, i and j denote quark
flavors. The gauge parameter ξ = 0 is the Landau gauge,
ξ = 1 is the Feynman gauge, and etc. The self-energies
Π(q2), ΣV (q
2) and Π˜(q2) can be extracted from the cor-
responding one-particle irreducible diagrams by applying
proper projection operators [11] (the same holds for the
vertex functions discussed below).
B. The ghost-gluon vertex
The tree-level ghost-gluon vertex is −igsfabcqµ, where
qµ is the outgoing ghost momentum. There are two pos-
sibilities to set one of the external momenta to zero for
the ghost-gluon vertex. One is to set the gluon momen-
tum to zero, whose diagram is shown by Fig.2(a), and
the renormalized vertex can be written as
Γ˜abcµ (0;−q, q) = −igsfabcqµΓ˜g(q2), (30)
and the other is to set one of the incoming ghost mo-
mentum to zero, whose diagram is shown by Fig.2(b),
and the renormalized vertex can be written as
Γ˜abcµ (q;−q, 0) = −igsfabcqµΓ˜h(q2). (31)
5a, µ
b c
0
-q
q
(a) (b)
a, µ
b c
q
-q
0
FIG. 2. The ghost-gluon vertex: (a) Γ˜abcµ (0;-q, q) for the case
of the incoming gluon has zero momentum and (b) Γ˜abcµ (q;-
q, 0) for the case of one incoming ghost has zero momentum.
Here, Γ˜g(q
2) or Γ˜h(q
2), is the Lorentz invariant function
with vanishing gluon or ghost momentum, respectively.
At the tree-level, we have
Γ˜h(q
2)
∣∣
tree
= Γ˜g(q
2)
∣∣
tree
= 1. (32)
The MOMh scheme is defined by renormalizing the
ghost-gluon vertex (Fig.2(b)) with the following condi-
tion:
Γ˜MOMhh (q
2 = −µ2) = Z˜MOMh1 Γ˜Bh (q2 = −µ2) = 1,(33)
Using Eqs.(15, 16, 17, 18, 22, 23, 24, 25), we can con-
nect the strong coupling in the MOMh scheme to the one
in the MS scheme through the following equation:
aMOMh(µ) =
(
Γ˜MSh (−µ2)
)2
aMS(µ)(
1 + ΠMSA (−µ2)
)(
1 + Π˜MSc (−µ2)
)2 .(34)
In addition, motivated by the non-renormalization of the
ghost-gluon vertex in the Landau gauge [79], the vertex
renormalization constant for this vertex is chosen as the
same as that in MS, i.e.
Z˜mMOM1 = Z˜
MS
1 , (35)
which is equal to 1 in the Landau gauge. We can then
derive the following relation for the coupling constants in
those two schemes,
amMOM(µ) =
aMS(µ)(
1 + ΠMSA (−µ2)
)(
1 + Π˜MSc (−µ2)
)2 .(36)
We put the derivation in Appendix A. It shows that the
MOMh scheme is equivalent to mMOM scheme for the
Landau gauge (ξmMOM = ξMOMh = 0).
C. The quark-gluon vertex
There are two non-trivial cases with vanishing incom-
ing external momentum for the quark-gluon vertex, the
case of a vanishing incoming gluon momentum as shown
by Fig.3(a) and the case of a vanishing quark momentum
a, µ
i j
0
-q
q
(a) (b)
a, µ
i j
q
-q
0
FIG. 3. The quark-gluon vertex: (a) Λaµ,ij(0;-q, q) with zero
incoming gluon momentum and (b) Λaµ,ij(q;-q, 0) with the
vanishing quark momentum.
as shown by Fig.3(b). It is clear that nullifying the in-
coming quark momentum is equal to the result of nullify-
ing the outgoing quark momentum, therefore, the vertex
Fig.3(a) can be written as
Λaµ,ij(0;−q, q)
= gT aij
[
γµΛg(q
2) + γν
(
gµν − qµqν
q2
)
ΛTg (q
2)
]
, (37)
and the vertex Fig.3(b) can be written as
Λaµ,ij(q;−q, 0)
= gT aij
[
γµΛq(q
2) + γν
(
gµν − qµqν
q2
)
ΛTq (q
2)
]
. (38)
The subscript ‘g’ in Eq.(37) and ‘q’ in Eq.(38) indicate
the functions with vanishing gluon momentum and in-
coming quark momentum, respectively. T aij is the SU(3)
color group generator for the quark. At the tree-level, we
have
Λg(q
2)
∣∣
tree
= Λq(q
2)
∣∣
tree
= 1, (39)
ΛTg (q
2)
∣∣
tree
= ΛTq (q
2)
∣∣
tree
= 0. (40)
The MOMq scheme is defined by renormalizing the
quark-gluon vertex with vanishing incoming quark mo-
mentum, e.g.,
ΛMOMqq (q
2 = −µ2) = ZMOMq1 (µ2)ΛBq (q2 = −µ2) = 1,(41)
Therefore, the relation of the coupling constants in the
MOMq scheme and the MS scheme is
aMOMq(µ) =
(
ΛMSq (−µ2)
)2
aMS(µ)(
1 + ΣMSV (−µ2)
)2 (
1 + ΠMSA (−µ2)
) .(42)
D. The triple-gluon vertex
The triple-gluon vertex is symmetric under the ex-
change of any two of the gluons. As shown in Fig.4,
one can set the momentum of the right-hand gluon to
6a, µ
b, ν c, ρ
q
−q
0
FIG. 4. The triple-gluon vertex with one zero momentum,
Γabcµνρ(q,−q, 0).
zero without loss of generality. Under this condition, the
triple-gluon vertex generally takes the following form
Γabcµνρ(q,−q, 0)
= −igsfabc
[
(2gµνqρ − gρνqµ − gµρqν)T1(q2)
−
(
gµν − qµqν
q2
)
qρT2(q
2) + qµqνqρT3(q
2)
]
, (43)
where fabc is the structure constant of the SU(3) color
group. T1(q
2) corresponds to tree-level vertex, i.e.
T1(q
2)
∣∣
tree
= 1. T2(q
2) is always absent at tree-level but
arises from radiative corrections. T3(q
2) vanishes due
to the Ward-Slavnov-Taylor identity for the triple gluon
vertex [11, 26]. The MOMg scheme is defined by renor-
malizing the above triple-gluon vertex with vanishing in-
coming gluon momentum, e.g.,
TMOMg1 (q
2 = −µ2) = ZMOMg1 (µ2)TB1 (q2 = −µ2) = 1.(44)
Therefore, the relation of the coupling constants in the
MOMg scheme and the MS scheme is
aMOMg(µ) =
(
TMS1 (−µ2)
)2
aMS(µ)(
1 + ΠMSA (−µ2)
)3 . (45)
Another MOM scheme, which is also based on the
triple-gluon vertex is MOMgg scheme, is defined by the
following renormalization condition [12, 13]:
TMOMgg1 (q
2 = −µ2)− 1
2
TMOMgg2 (q
2 = −µ2) = 1.(46)
This gives the following coupling relations between
MOMgg scheme and the MS scheme:
aMOMgg(µ) =
(
TMS1 (−µ2)− 12TMS2 (−µ2)
)2
aMS(µ)(
1 + ΠMSA (−µ2)
)3 .(47)
E. The MOM scheme β-function
At the present, the gluon self-energies ΠMSA (−µ2), the
ghost self-energies Π˜MSc (−µ2), the quark self-energies
ΣMSV (−µ2), the quark-gluon vertex with vanishing incom-
ing quark momentum ΛMSq (−µ2), the ghost-gluon ver-
tex with vanishing incoming ghost moment, and the two
functions Γ˜MSh (−µ2) and TMS1 (−µ2) defined in Eq.(45)
and the function TMS2 (−µ2) defined in Eq.(47) have been
calculated up to four-loop QCD corrections under the
MS scheme, c.f. Refs.[11, 26]. Using the formulas given
in those two references and using the relations (34, 36, 42,
45, 47) and the equation (26), we can obtain the expres-
sions for the strong couplings and the gauge parameters
under various MOM schemes. For convenience, we put
those relations in the Appendix B.
Those relations are helpful to transform the conven-
tional MS series to the one under a specific MOM scheme.
They are also important to get the MOM scheme β-
function and hence determine the correct αs-running be-
havior in MOM scheme. The MOM β-function is explic-
itly gauge dependent, which can be written as
βMOM = βMS
∂aMOM
∂aMS
+
∂ξMS
∂ lnµ2
∂aMOM
∂ξMS
. (48)
The anomalous dimension of gauge parameter γMSξ =
1
ξMS
∂ξMS
∂ lnµ2 is equal to
(
−γMSA
)
, where γMSA is the gluon
field anomalous dimension. Therefore, the MOM-scheme
β-function takes the form:
βMOM =
(
βMS
∂aMOM
∂aMS
− ξMSγMSA
∂aMOM
∂ξMS
)∣∣∣∣∣
aMS→aMOM
ξMS→ξMOM
,(49)
It has been stated that the property of the gauge in-
variance of the renormalization schemes is a sufficient
but not a necessary property for the factorization of the
QCD β-function [80]. Thus a reliable αs-behavior can
be determined and hence a reliable pQCD prediction for
various MOM schemes by applying a proper scale-setting
approach to deal with the {βi}-terms of the process.
III. GENERAL PMC ANALYSIS OVER THE
PERTURBATIVE SERIES
Conventionally, a pQCD approximant, δ(Q), of a phys-
ical observable takes the form
δ(Q) = ap(µ)
∞∑
i=1
Ci(µ)a
i−1(µ), (50)
where Q represents the scale at which the observable
is measured, the index p indicates the αs-order of the
leading-order (LO) prediction. Here the perturbative co-
efficients Ci are usually in nf power series, where nf is the
number of light flavors involved in the process. Using the
degeneracy relations among different orders [55, 56, 81],
the pQCD series can be written as the following βi series:
7δ(Q) = r1,0a(µ)
p +
[
r2,0 + pβ0r2,1
]
a(µ)p+1 +
[
r3,0 + pβ1r2,1 + (p+ 1)β0r3,1 +
p(p+ 1)
2
β20r3,2
]
a(µ)p+2
+
[
r4,0 + pβ2r2,1 + (p+ 1)β1r3,1 +
p(3 + 2p)
2
β1β0r3,2 + (p+ 2)β0r4,1 +
(p+ 1)(p+ 2)
2
β20r4,2
+
p(p+ 1)(p+ 2)
3!
β30r4,3
]
a(µ)p+3 +
[
r5,0 + (p+ 3)r5,1β0 +
(p+ 2)(p+ 3)
2
r5,2β
2
0 + (p+ 2)r4,1β1
+
p(p+ 1)(p+ 2)(p+ 3)
24
r5,4β
4
0 +
(p+ 1)(p+ 2)(p+ 3)
6
r5,3β
3
0 +
(p+ 1)(2p+ 5)
2
r4,2β1β0
+
p(3p2 + 12p+ 11)
6
r4,3β1β
2
0 + (p+ 1)r3,1β2 +
p(p+ 2)
2
r3,2(2β2β0 + β
2
1) + pr2,1β3
]
a(µ)p+4 + · · · , (51)
where ri,0 (i = 1, 2, 3 . . .) are conformal coefficients which
are generally free from renormalization scale dependence,
and ri,j (1 ≤ j < i) are non-conformal coefficients,
namely to ri,j =
∑j
k=0
(
j
k
)
lnk(µ2/Q2)ri−k,j−k , where
rm,n = rm,n|µ=Q. As a subtle point, any nf -terms
that are irrelevant to determine the αs-running behav-
ior should be kept as a conformal coefficient and cannot
be transfomred into {βi}-terms [68].
For the standard PMC multi-scale approach described
in Refs.[53, 55], one needs to absorb the same type of
{βi}-terms at various orders into the strong coupling con-
stant via an order-by-order manner. Different types of
{βi}-terms as determined from the RGE lead to differ-
ent running behaviors of the strong coupling constant,
and hence, determine the distinct PMC scales at each
order. Because the precision of the PMC scale for high-
order terms decreases at higher orders due to the less
known {βi}-terms in its higher-order terms. Due to the
unknown perturbative terms, the PMC prediction has
residual scale dependence [37], which is however quite
different from the arbitrary conventional renormalization
scale dependence. The PMC scale, reflecting the correct
momentum flow of the process, is independent to the
choice of renormalization scale, and its resultant resid-
ual scale dependence is generally small due to both the
exponential suppression and the αs suppression [71]. As
an alteration, the PMC single-scale approach has been
suggested to suppress the residual scale dependence [82].
It effectively replaces the individual PMC scales derived
under the multi-scale approach by a single scale in the
sense of a mean value theorem. The PMC single scale can
be regarded as the overall effective momentum flow of the
process; it shows stability and convergence with increas-
ing order in pQCD via the pQCD approximates. The
prediction of the PMC single-scale approach is scheme-
independent up to any fixed order [83], thus its value
satisfies the standard RGI. The examples collected in
Ref.[83] show that the residual scale dependence emerged
in PMC multi-scale approach can indeed be greatly sup-
pressed. In the present paper, we adopt the PMC single-
scale approach to do our discussions.
Using the standard procedures for the PMC single-
scale approach, we can eliminate all the non-conformal
{βi}-terms and rewrite Eq.(50) as the following confor-
mal series:
δ(Q) =
∑
n≥1
rn,0a(Q)
n+p−1, (52)
where the PMC scale Q is fixed by requiring all the non-
conformal {βi}-terms vanish. The perturbative series of
lnQ
2
/Q2 over a(Q) up to next-to-next-to-next-to-leading
log (N3LL) accuracy takes the following form:
ln
Q
2
Q2
= λ0 + λ1a(Q) + λ2a
2(Q) + λ3a
3(Q). (53)
For convenience, we put the perturbative coefficients
λi(i = 0, 1, 2, 3) in the Appendix C. One may observe
that both the resultant PMC conformal series (52) and
the scale Q are free of renormalization scale (µ), and
thus, the conventional renormalization scale dependence
has been eliminated. There is residual dependence for
δ(Q) due to the unknown terms (e.g. the unknown N4LL-
terms and higher) in the perturbative series (53).
IV. GAUGE DEPENDENCE OF THE TOTAL
DECAY WIDTH Γ(H → gg)
In the present section, we adopt the total decay width
Γ(H → gg) under various MOM schemes as an explicit
example to show how the gauge dependence behaves with
increasing known perturbative orders before and after ap-
plying the PMC.
Up to α6s-order level, the decay width of H → gg takes
the following form
Γ(H → gg) = M
3
HGF
36
√
2π
4∑
i=0
Ci(µ)a
i+2(µ), (54)
where a(µ) = αs(µ)/(4π), µ is the renormalization scale,
MH is the Higgs boson mass, and GF = 1.16638 ×
10−5GeV−2 is the Fermi coupling constant. The coef-
ficients Ci∈[0,4](MH) under the MS scheme can be read
8from Refs.[41–50]. Those coefficients are usually given in
nf -power series, and before applying the PMC, the per-
turbative series (54) should be transformed into the {βi}-
series of Eq.(51) with p = 2. For convenience, we put the
required coefficients ri,j(MH) in Appendix D. And then
by using the formulas given in Appendix B, which give
the perturbative transformations of the strong couplings
and the gauge parameters among the MOM scheme and
the MS scheme, one can conveniently transform the per-
turbative series of Γ(H → gg) from the MS scheme into
the MOM scheme. The coefficients at any renormaliza-
tion scale can be obtained from Ci∈[0,4](MH) by using
the RGE. Finally, by applying the PMC single-scale set-
ting approach, the pQCD series Eq.(54) can be rewritten
as the following conformal series
Γ(H → gg) = M
3
HGF
36
√
2π
5∑
i=1
ri,0a
i+1(Q), (55)
and the solution of lnQ
2
/M2H can be written as a power
series in a(MH) at the N
3LL accuracy.
To do the numerical calculation, we adopt: the top-
quark pole mass mt = 173.3 GeV [84, 85], the Higgs
mass MH = 125.09 ± 0.21 ± 0.11 GeV and the MOM
QCD asymptotic scale is fixed by αMSs (MZ) = 0.1181
together with Celmaster-Gonsalves relation (1) [86].
A. The gauge dependence of the effective scale Q¯
and the effective coupling αs(Q¯) for the five
asymmetric MOM schemes
The effective scales Q¯ (Left column) and their corre-
sponding coupling constants αs(Q¯) (Right column) ver-
sus the gauge parameter are shown in Fig.5. At the
two-loop level, the determined scale Q¯ is gauge inde-
pendent; However at the three-loop level or even higher,
Fig.5(a1-a5) show that Q is gauge dependent under the
five mentioned MOM schemes. This is due to the fact
that all the ri,j terms of MOM schemes are gauge de-
pendent except for those of i − j = 1 terms. For a spe-
cific gauge, we observe that the difference between the
two nearby values of Q becomes smaller when more loop
terms have been included, indicating the precision of Q¯ is
improved by knowing more loop terms, which agrees with
the perturbative nature of Q¯. At the present, Q¯ can be
fixed up to N3LL-accuracy, which is of high accuracy, e.g.
the N3LL-term shall only shift the N2LL-accurate Q¯ by
∼ +1 GeV for mMOM, MOMh, MOMq and MOMg, and
∼ +3 GeV for MOMgg, respectively. Moreover, if setting
ξMOM ∈ [−3, 3], the effective scale Q¯ is ∼ [31, 45] GeV for
mMOM scheme, ∼ [25, 47] GeV for MOMh, MOMq and
MOMg schemes, ∼ [109, 122] GeV for MOMgg scheme; if
setting ξMOM ∈ [−1, 1], the effective scale Q¯ is ∼ [43, 45]
GeV for mMOM scheme, ∼ [40, 47] GeV for MOMh,
MOMq and MOMg scheme, and ∼ [119, 122] GeV for
MOMgg scheme. This indicates that the perturbative
behavior is better for a smaller magnitude of the gauge
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FIG. 5. The PMC effective scales Q¯ (Left column) and their
corresponding coupling constants αs(Q¯) (Right column) ver-
sus the gauge parameter (ξ). Five asymmetric MOM schemes,
e.g. mMOM, MOMh, MOMq, MOMg, MOMgg, are adopted.
The dotted, the dash-dot, the dashed and the solid lines are
results up to two-loop, three-loop, four-loop and five loop
QCD corrections, respectively.
parameter |ξMOM| for all those MOM schemes. Fig.5(b1-
b5) show that the effect coupling (αs(Q)) is also gauge
dependent for all the five MOM schemes, the only excep-
tion is the MOMgg scheme whose gauge dependence is
small and is even zero at the two-loop level. Numerically,
the scale Q¯ and the effect coupling αs(Q¯) are almost the
same for the three MOM schemes, e.g. the MOMh, the
MOMq and the MOMg schemes; and if the magnitude of
the gauge parameter |ξMOM| for those three schemes are
less than 1, the differences between the two nearby values
of αs(Q) at different orders are almost unchanged for a
fixed gauge parameter, indicating the effective couplings
9for those three schemes quickly achieves its accurate value
at lower orders.
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FIG. 6. Gauge dependence of the ratio ΛMOM/ΛMS by vary-
ing the gauge parameter ξ = ξMOM ∈ [−3, 3]. nf = 5. (a) The
ratios for five asymmetric MOM-schemes, where the asymp-
totic scales of MOMg, MOMq, and MOMh schemes are the
same and are shown by solid line; (b) The ratios for three
symmetric MOM-schemes.
It is interesting to find that under the MOMgg scheme,
the effective coupling αs(Q¯) also can achieve its accu-
rate value at lower orders, whose value is almost gauge
independent for |ξMOMgg| ≤ 1, indicating the gauge de-
pendence of Q¯ is well compensated by the gauge depen-
dence of ΛMOMggQCD . More explicitly, the asymptotic scale
for various MOM schemes can be derived from ΛMS by us-
ing the Celmaster-Gonsalves relation [3–7]. We present
the ratios of ΛMOM/ΛMS for nf = 5 in Fig. 6, where
the ratios for the following mentioned three symmet-
ric MOM schemes are also presented. It is found that
the asymptotic scales of MOMg, MOMq, and MOMh
schemes are the same, together with the close values of
Q¯, one can explain the close behaviors of αs(Q¯) and then
close Γ(H → gg) under those schemes. Almost all of the
ratios show explicit gauge dependence; the only excep-
tion is the ratio of MOMgg scheme, whose value is free
of ξMOMgg and is fixed to be e50/69 ≈ 2.06 for nf = 5.
B. The gauge dependence of Γ(H → gg) for the five
asymmetric MOM schemes
We present the total decay width Γ(H → gg) up to
two-loop, three-loop, four-loop and five-loop level be-
fore and after applying the PMC in Figs.(7, 8, 9, 10,
11). Agreeing with conventional wisdom, the conven-
tional renormalization scale dependence, estimated by
varying µ ∈ [MH/4, 4MH], becomes smaller when more
loop terms have been included, e.g. the shaded bands
becomes narrower when more loop terms have been in-
cluded. At the same time, one may observe that the PMC
predictions under various MOM schemes are scale inde-
pendent at any fixed order, but becomes more accurate
when more loop terms have been included. Thus the con-
ventional renormalization scale uncertainty is eliminated
by applying the PMC, which is consistent with previ-
ous PMC examples done in the literature. As mentioned
in the Introduction, the scale independence of the PMC
prediction is reasonable, since the determined scale Q¯ re-
FIG. 7. Total decay width Γ(H → gg) versus gauge param-
eter ξ = ξmMOM up to two-loop, three-loop, four-loop, and
five-loop levels, respectively, under the mMOM scheme. The
dotted line is for conventional scale setting approach with
µ = MH and the shaded band shows its renormalization
scale uncertainty by varying µ ∈ [MH/4, 4MH ]. The solid
line is the prediction for the PMC, which is independent to
the choice of renormalization scale.
FIG. 8. Total decay width Γ(H → gg) versus gauge param-
eter ξ = ξMOMh up to two-loop, three-loop, four-loop, and
five-loop levels, respectively, under the MOMh scheme. The
dotted line is for conventional scale setting approach with
µ =MH and the shaded band shows its renormalization scale
uncertainty by varying µ ∈ [MH/4, 4MH ]. The solid line is
the prediction for PMC scale-setting, which is independent to
the choice of renormalization scale.
flects the overall typical momentum flow of the process
which should be independent to the induced parameters.
Figs.(7, 8, 9, 10, 11) show that the gauge dependence
cannot be eliminated by including more and more higher-
order terms for both the conventional and the PMC
scale-setting approaches. More explicitly, the total de-
cay width of H → gg up to five-loop level under the
mMOM, MOMh, MOMq, MOMg, and MOMgg schemes
are presented in Tables I and II. The present prediction
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FIG. 9. Total decay width Γ(H → gg) versus gauge param-
eter ξ = ξMOMq up to two-loop, three-loop, four-loop, and
five-loop levels, respectively, under the MOMq scheme. The
dotted line is for conventional scale setting approach with
µ = MH and the shaded band shows its renormalization
scale uncertainty by varying µ ∈ [MH/4, 4MH ]. The solid
line is the prediction for the PMC, which is independent to
the choice of renormalization scale.
FIG. 10. Total decay width Γ(H → gg) versus gauge param-
eter ξ = ξMOMg up to two-loop, three-loop, four-loop, and
five-loop levels, respectively, under the MOMg scheme. The
dotted line is for conventional scale setting approach with
µ = MH and the shaded band shows its renormalization
scale uncertainty by varying µ ∈ [MH/4, 4MH ]. The solid
line is the prediction for the PMC, which is independent to
the choice of renormalization scale.
of Γ(H → gg) by the “LHC Higgs Cross Section Work-
ing Group” is about 335.4 KeV for MH = 125.09 GeV
3.
In different to the dimensional like schemes which are
gauge independent, the gauge dependence is the intrinsic
nature of MOM schemes and one cannot expect to elim-
3 This value can be extracted from the Webpage: https://twiki
.cern.ch/twiki/bin/view/LHCPhysics/CERNYellowReportPageBR
FIG. 11. Total decay width Γ(H → gg) versus gauge pa-
rameter ξ = ξMOMgg up to two-loop, three-loop, four-loop,
and five-loop levels, respectively, under the MOMg scheme.
The dotted line is for conventional scale setting approach
with µ = MH and the shaded band shows its renormaliza-
tion scale uncertainty by varying µ ∈ [MH/4, 4MH ]. The
solid line is the prediction for the PMC, which is independent
to the choice of renormalization scale.
ξMOM −3 −2 −1 0 1 2 3
Γ|mMOM 627.3 398.7 338.5 337.7 350.1 336.9 273.6
Γ|MOMh 341.3 291.5 301.8 337.7 363.2 338.1 252.5
Γ|MOMq 341.3 291.4 301.8 337.7 363.3 338.1 252.1
Γ|MOMg 341.1 291.4 301.8 337.7 363.2 337.9 251.2
Γ|MOMgg 346.4 340.9 338.8 337.4 335.7 335.3 340.3
TABLE I. Total decay width (in unit: KeV) of H → gg under
conventional scale-setting approach up to five-loop level under
the mMOM, MOMh, MOMq, MOMg, and MOMgg schemes.
Typical gauge of conventional scale setting. All the other
input parameters are set to be their central values.
inate it by including higher order terms. As discussed
in Introduction, the MOM schemes have some advan-
tages in dealing with the perturbative series; And as will
be shown below, the scheme independence of variance
MOM predictions can be greatly suppressed at higher
orders. It is thus interesting to find in which region
of ξMOM, the MOM prediction is more reliable. Be-
ing consistent with the suggestion of Ref.[10], Figs.(7, 8,
9, 10, 11) show that the gauge dependence is relatively
weaker within the region of ξMOM ∈ [−1, 1]. As an ex-
ception, Fig.11 indicates that at enough higher orders,
the MOMgg prediction could be unchanged for a wide
range of |ξMOMgg|.Thus among all the MOM schemes,
we prefer the MOMgg scheme. More explicitly, the co-
efficient functions Ci≥2 in Eq.(50) and ri≥2,0 in Eq.(51)
are series in powers of ξMOM, thus a small magnitude
such as |ξMOM| ≤ 1 could lead to a better convergence
and a more steady prediction over the change of ξMOM;
this is why the Landau gauge with ξMOM = 0 is usually
11
ξMOM −3 −2 −1 0 1 2 3
Γ|mMOMPMC 590.9 389.8 333.4 332.8 344.3 327.7 249.8
Γ|MOMh 335.8 288.2 298.2 332.8 360.3 360.7 361.4
Γ|MOMq 335.8 288.2 298.2 332.9 360.2 359.2 352.6
Γ|MOMg 335.5 288.0 298.1 332.7 360.1 360.2 347.5
Γ|MOMgg 345.7 340.8 339.1 337.9 336.2 335.2 334.2
TABLE II. Total decay width (in unit: KeV) of H → gg
under PMC scale-setting approach up to five-loop level under
the mMOM, MOMh, MOMq, MOMg, and MOMgg schemes.
Typical gauge of conventional scale setting. All the other
input parameters are set to be their central values.
adopted in the literature [4]. We also agree that it is bet-
ter to choose a smaller value of |ξMOM| for various MOM
schemes. And in the following discussion, we shall adopt
ξMOM ∈ [−1, 1] to do our discussion.
To show how the scheme-and-scale dependence varies
with the increasing orders more explicitly, under conven-
tional scale-setting approach, we obtain
Γ(H → gg)|mMOM,2lConv. = 332.9+25.9−7.2 ± 7.7± 1.7+77.7−72.0 KeV,
Γ(H → gg)|mMOM,3lConv. = 350.6+16.9−5.0 ± 8.4± 1.8+2.6−33.4 KeV,
Γ(H → gg)|mMOM,4lConv. = 341.4+12.7−3.9 ± 7.9± 1.8+1.1−16.3 KeV,
Γ(H → gg)|mMOM,5lConv. = 337.7+12.5−3.8 ± 7.7± 1.7+7.2−1.4 KeV.
Γ(H → gg)|MOMh,2lConv. = 332.9+57.0−55.3 ± 7.7± 1.7+77.7−72.0 KeV,
Γ(H → gg)|MOMh,3lConv. = 350.6+33.8−42.0 ± 8.4± 1.8+2.6−33.4 KeV,
Γ(H → gg)|MOMh,4lConv. = 341.4+24.1−36.8 ± 7.9± 1.8+1.1−16.3 KeV,
Γ(H → gg)|MOMh,5lConv. = 337.7+25.6−35.9 ± 7.7± 1.7+7.2−1.4 KeV.
Γ(H → gg)|MOMq,2lConv. = 332.9+57.0−55.3 ± 7.7± 1.7+77.7−72.0 KeV,
Γ(H → gg)|MOMq,3lConv. = 350.2+33.8−42.0 ± 8.4± 1.8+2.6−33.3 KeV,
Γ(H → gg)|MOMq,4lConv. = 341.4+24.2−36.8 ± 7.9± 1.8+1.0−16.0 KeV,
Γ(H → gg)|MOMq,5lConv. = 337.7+25.7−35.9 ± 7.7± 1.7+7.1−1.4 KeV.
Γ(H → gg)|MOMg,2lConv. = 332.9+57.0−55.3 ± 7.7± 1.7+77.7−72.0 KeV,
Γ(H → gg)|MOMg,3lConv. = 350.4+33.8−42.0 ± 8.4± 1.8+2.6−33.4 KeV,
Γ(H → gg)|MOMg,4lConv. = 341.4+24.2−36.8 ± 7.9± 1.8+1.0−16.2 KeV,
Γ(H → gg)|MOMg,5lConv. = 337.7+25.6−35.9 ± 7.7± 1.7+7.1−1.4 KeV.
Γ(H → gg)|MOMgg,2lConv. = 342.7+0.0−0.0 ± 8.1± 1.8+74.3−74.0 KeV,
Γ(H → gg)|MOMgg,3lConv. = 352.2+2.2−0.5 ± 8.5± 1.8+0.9−44.4 KeV,
Γ(H → gg)|MOMgg,4lConv. = 339.8+1.3−1.3 ± 7.8± 1.8+2.3−14.8 KeV,
Γ(H → gg)|MOMgg,5lConv. = 337.4+1.5−1.7 ± 7.7± 1.7+12.9−0.7 KeV.
The central values are for all input parameters to be their
central values. Here, nl (n = (2, ..., 5)) stands for the
result up to n-loop QCD corrections, and ‘Conv.’ is the
short notation for ‘Conventional scale-setting approach’.
The first error shows the gauge dependence by varying
ξMOM within the region of [−1, 1] (the central value is for
the Landau gauge, ξMOM = 0); the second error is caused
by the ∆αs(MZ) = ±0.0011; the third error is caused by
the Higgs mass uncertainty ∆MH = ±0.24 GeV; the
last error is caused by varying the renormalization scale
µ ∈ [MH/4, 4MH].
Under the convention scale-setting approach, the un-
certainty caused by ∆αs(MZ) is about 4% for all or-
ders. The uncertainty caused by the Higgs mass ∆MH =
0.24 GeV is about 1% for all order. The uncertain-
ties caused by the choices of the gauge parameter and
the renormalization scale are somewhat larger. By tak-
ing ξMOM ∈ [−1, 1], the total decay width Γ(H →
gg)|mMOMConv. shall be changed by about 10%, 6%, 5%
and 5% for n = 2, 3, 4, 5, respectively; the total decay
widthes Γ(H → gg)|MOMh,MOMq,MOMgConv. behave closely,
which shall be changed by about 34%, 22%, 18% and 18%
for n = 2, 3, 4, 5, respectively; and the total decay width
Γ(H → gg)|MOMggConv. is free of gauge dependence at the two
level, which shall be changed by about 1% for n = 3, 4, 5.
Thus the gauge dependence of the MOMgg scheme is the
smallest. And by taking µ ∈ [MH/4, 4MH], the total
decay width for mMOM, MOMh, MOMq and MOMg
schemes behave closely, which shall be changed by about
45%, 10%, 5% and 3% for n = 2, 3, 4, 5, respectively; and
the total decay width Γ(H → gg)|MOMggConv. shall be changed
by about 43%, 13%, 5% and 4% for n = 2, 3, 4, 5, respec-
tively. Thus by including more loop terms, the renormal-
ization scale error does become smaller and smaller.
After applying the PMC, the renormalization scale de-
pendence is exactly removed, and we have
Γ(H → gg)|mMOM,2lPMC = 386.7+29.4−8.3 ± 10.0± 1.9 KeV,
Γ(H → gg)|mMOM,3lPMC = 345.9+7.2−3.0 ± 8.1± 1.8 KeV,
Γ(H → gg)|mMOM,4lPMC = 326.2+4.6−2.4 ± 6.9± 1.7 KeV,
Γ(H → gg)|mMOM,5lPMC = 332.8+11.6−3.7 ± 7.3± 1.7 KeV.
Γ(H → gg)|MOMh,2lPMC = 386.7+62.8−66.0 ± 10.0± 1.9 KeV,
Γ(H → gg)|MOMh,3lPMC = 345.9+10.7−33.1 ± 8.1± 1.8 KeV,
Γ(H → gg)|MOMh,4lPMC = 326.2+8.2−28.2 ± 6.9± 1.7 KeV,
Γ(H → gg)|MOMh,5lPMC = 332.8+27.5−34.6 ± 7.3± 1.7 KeV.
Γ(H → gg)|MOMq,2lPMC = 386.7+62.8−66.0 ± 10.0± 1.9 KeV,
Γ(H → gg)|MOMq,3lPMC = 345.6+10.8−33.2 ± 8.1± 1.8 KeV,
Γ(H → gg)|MOMq,4lPMC = 326.5+8.4−28.3 ± 6.9± 1.7 KeV,
Γ(H → gg)|MOMq,5lPMC = 332.9+27.4−34.7 ± 7.3± 1.7 KeV.
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Γ(H → gg)|MOMg,2lPMC = 386.7+62.8−66.0 ± 10.0± 1.9 KeV,
Γ(H → gg)|MOMg,3lPMC = 345.8+10.5−33.0 ± 8.1± 1.8 KeV,
Γ(H → gg)|MOMg,4lPMC = 326.0+8.0−28.1 ± 6.8± 1.7 KeV,
Γ(H → gg)|MOMg,5lPMC = 332.7+27.5−34.6 ± 7.3± 1.7 KeV.
Γ(H → gg)|MOMgg,2lPMC = 337.8+0.0−0.0 ± 7.9± 1.7 KeV,
Γ(H → gg)|MOMgg,3lPMC = 353.6+1.7−0.1 ± 8.6± 1.8 KeV,
Γ(H → gg)|MOMgg,4lPMC = 343.6+1.3−1.1 ± 8.1± 1.8 KeV,
Γ(H → gg)|MOMgg,5lPMC = 337.9+1.2−1.7 ± 7.7± 1.8 KeV.
Similar to the results under conventional scale-setting ap-
proach, the uncertainties caused by ∆αs(MZ) and ∆MH
are also small, which are around 4% and 1%, respectively.
However, the uncertainties caused by different choices of
the gauge parameter are still sizable for various MOM
schemes. For example, by taking ξMOM ∈ [−1, 1], the
total decay width Γ(H → gg)|mMOMPMC shall be changed by
about 10%, 3%, 2% and 5% for n = 2, 3, 4, 5, respectively;
the total decay widthes Γ(H → gg)|MOMh,MOMq,MOMgPMC
behave closely, which shall be changed by about 33%,
12%, 11% and 19% for n = 2, 3, 4, 5, respectively; and
the total decay width Γ(H → gg)|MOMggPMC is almost inde-
pendent to the choice of gauge parameter, which shall be
changed by less than 1% for n = 3, 4, 5.
Moreover, by using the guessed scale, the convergence
of the conventional pQCD series shall generally change
greatly under different choices of the renormalization
scale, due to the mismatching of the perturbative coeffi-
cient with the αs-value at the same order. For example,
there is quite large scale uncertainty for each term of
the pQCD series of Γ(H → gg) [30, 31]; thus, even if
by choosing a proper scale, a better convergence can be
achieved 4, one cannot decide whether such a choice leads
to the correct pQCD prediction. On the other hand, after
applying the PMC, the scale-independent coupling αs(Q¯)
can be determined, and together with the scale-invariant
conformal coefficients, one can thus obtain the intrinsic
perturbative nature of the pQCD series. By defining a K
factor, K = Γ(H → gg)/Γ(H → gg)|Born, one can obtain
the relative importance of the high-order terms to the
leading-order terms. More explicitly, under the Landau
gauge with ξMOM = 0, we obtain
KmMOM ≃ 1.07 = 1 + 0.31− 0.17− 0.08 + 0.01,(56)
KMOMh ≃ 1.07 = 1 + 0.31− 0.17− 0.08 + 0.01,(57)
KMOMq ≃ 1.07 = 1 + 0.31− 0.17− 0.08 + 0.01,(58)
KMOMg ≃ 1.06 = 1 + 0.31− 0.17− 0.09 + 0.01,(59)
KMOMgg ≃ 1.45 = 1 + 0.53 + 0.04− 0.08− 0.04.(60)
4 In the literature, the renormalization scale is usually chosen as
the one so as to eliminate large logs with the purpose of improv-
ing the pQCD convergence; And some scale-setting approaches
have been invented to find an optimal scale with the purpose of
improve the pQCD convergence but not to solve the renormal-
ization scale ambiguity.
Those results show satisfactorily convergent behavior for
Γ(H → gg), especially for the mMOM, MOMh, MOMq
and MOMg schemes. Similar to the condition of total
decay width, the K factor is also gauge dependent. By
varying ξMOM ∈ [−1, 1], we obtain KmMOM = 1.07+0.03−0.10,
KMOMh = 1.07+0.12−0.19, K
MOMq = 1.07+0.12−0.19, K
MOMg =
1.06+0.12−0.19 and K
MOMgg = 1.45+0.00−0.02.
As a final remark, one usually wants to know the mag-
nitude of the “unknown” high-order pQCD corrections.
The conventional error estimate obtained by varying the
scale over a certain range is usually treated as such an
estimation, which is however unreliable, since it only
partly estimates the non-conformal contribution but not
the conformal one. In contrast, after applying the PMC,
the correct momentum flow of the process and hence the
correct αs-value is fixed by the RGE and cannot be var-
ied; otherwise, one will explicitly break the RGI, leading
to an unreliable prediction. As a conservative estimation
of the magnitude of the unknown perturbative contribu-
tions for the PMC series, it is helpful to use the magni-
tude of the last known term as the contribution of the
unknown perturbative term [69]; As for the present case,
we adopt ±|r5,0a6s(Q¯)| as the estimation of the unknown
O(α6s) contribution, which is ±3.1 KeV for the mMOM,
MOMh, MOMq and MOMg schemes, and ±9.3 KeV for
MOMgg scheme.
C. A simple discussion on the symmetric MOM
schemes
In addition to the asymmetric MOM schemes, several
symmetric MOM schemes have also been suggested in the
literature. In the original symmetric MOM scheme [4],
the triple-gluon vertex function Γabcµνρ(k, p, l) is defined to
be the value at the symmetric point k2 = p2 = l2 = −µ2,
i.e. the Feynman diagram of the vertex is the same as
Fig.4 but should replace the three external momentum
(q,−q, 0) there by the present (k, p, l). Similarly, the
ghost-gluon vertex function Γ˜abcµ (k, p, l) and the quark-
gluon vertex function Λaµ,ij(k, p, l) can also be defined at
the symmetric point k2 = p2 = l2 = −µ2 [32, 88, 89].
For simplicity, we label those symmetric MOM schemes
which are defined at the triple-gluon vertex, the ghost-
gluon vertex and the quark-gluon vertex as the MOMggg,
the MOMh and the MOMq schemes, respectively. Using
the relations (21, 22), together with the known three-
loop vertex functions under the MS scheme collected in
Ref.[32], one can obtain the expressions for the strong
couplings and the gauge parameters of those symmetric
MOM schemes up to three-loop level [89] 5. By further
5 The pQCD correction for the symmetric MOM scheme is much
harder to be calculated than the case of asymmetric MOM
scheme due to its complexity, and at present, those vertexes have
only been calculated up to three-loop level.
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using those expressions, we can obtain pQCD series for
Γ(H → gg) under the MOMggg, the MOMh and the
MOMq schemes up to three-loop level.
After applying the conventional and PMC scale-setting
approaches, we obtain
Γ(H → gg)|MOMggg,2lConv. = 336.2+36.2−26.9 ± 7.8± 1.7+76.7−72.7 KeV,
Γ(H → gg)|MOMggg,3lConv. = 349.5+24.6−14.5 ± 8.3± 1.8+1.9−32.1 KeV,
Γ(H → gg)|MOMh,2lConv. = 350.0+29.3−26.1 ± 8.4± 1.8+70.5−75.4 KeV,
Γ(H → gg)|MOMh,3lConv. = 351.6+20.2−20.1 ± 8.4± 1.8+0.2−55.9 KeV,
Γ(H → gg)|MOMq,2lConv. = 342.9+42.8−24.0 ± 8.1± 1.8+74.2−74.1 KeV,
Γ(H → gg)|MOMq,3lConv. = 342.5+32.2−14.4 ± 8.0± 1.8+0.9−35.0 KeV
and
Γ(H → gg)|MOMggg,2lPMC = 291.5+30.1−22.6 ± 6.1± 1.5 KeV,
Γ(H → gg)|MOMggg,3lPMC = 323.6+26.0−14.2 ± 7.1± 1.7 KeV,
Γ(H → gg)|MOMh,2lPMC = 402.2+30.9−29.8 ± 10.8± 2.0 KeV,
Γ(H → gg)|MOMh,3lPMC = 332.5+6.9−11.1 ± 7.3± 1.7 KeV,
Γ(H → gg)|MOMq,2lPMC = 396.1+49.1−26.9 ± 10.5± 2.0 KeV,
Γ(H → gg)|MOMq,3lPMC = 332.5+25.4−8.7 ± 7.4± 1.7 KeV.
The central values are for all input parameters to be their
central values, and the errors are caused by the same
way of choosing the input parameters as those of the
asymmetric schemes.
ξMOM −3 −2 −1 0 1 2 3
Γ|MOMgggConv. 101.1 293.9 374.1 349.5 335.3 357.2 395.9
Γ|MOMhConv. 404.3 340.1 333.3 351.6 370.0 363.9 322.6
Γ|MOMqConv. 472.3 420.7 374.7 342.5 328.2 335.2 370.6
Γ|MOMgggPMC 107.0 287.3 349.6 323.6 309.4 323.8 336.5
Γ|MOMhPMC 395.2 331.5 321.5 332.5 339.2 319.6 267.5
Γ|MOMqPMC 434.5 394.7 357.8 332.5 323.9 336.5 378.7
TABLE III. Gauge dependence of the total decay width (in
unit: KeV) of H → gg up to three-loop level under the
MOMggg, MOMh and MOMq schemes before and after ap-
plying the PMC. Other input parameters are set to be their
central values.
We present the PMC effective scales Q¯ and their cor-
responding coupling constants αs(Q¯) of Γ(H → gg) un-
der three symmetric MOM schemes in Fig.(12). The to-
tal decay width Γ(H → gg) versus the gauge parame-
ter for the cases of three symmetric MOM schemes are
presented in Fig.(13). Similar to the case of asymmet-
ric MOM scheme, the gauge dependence cannot be sup-
pressed by eliminating the scale dependence. More ex-
plicit, we present the total decay width Γ(H → gg) at
several typical gauge parameters in Table. III.
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FIG. 12. The PMC effective scales Q¯ (Left column) and their
corresponding coupling constants αs(Q¯) (Right column) ver-
sus the gauge parameter (ξ) of Γ(H → gg). Three symmetric
MOM schemes, e.g. MOMggg, MOMh and MOMq schemes,
are adopted. The dotted and the dash-dot lines are results
up to two-loop and three-loop QCD corrections, respectively.
V. SUMMARY
In the paper, we have made a detailed discussion on the
gauge dependence of the total decay width Γ(H → gg)
up to five-loop level under various MOM schemes. Our
main results are:
• The gauge dependence and the renormalization
scale dependence under the MOM schemes are two
different things. Figs.(7-11) show that under con-
ventional scale setting approach, the total scale de-
pendence of Γ(H → gg) can be greatly suppressed
when more loop terms have been known, due to the
correlation of scale dependence among different or-
ders; while the gauge dependence of the pQCD ap-
proximant behaves differently for different choices
of scales and MOM schemes. After applying the
PMC, the conventional renormalization scale de-
pendence can be eliminated, but the gauge depen-
dence of the MOM scheme is still there, which can-
not be suppressed by including more loop terms.
The gauge dependence may become even larger at
higher orders. Thus the gauge dependence is the
intrinsic property of MOM schemes. Even though
MOM scheme has this weak point, it still has some
advantages in dealing with pQCD predictions as ex-
plained in the Introduction. Among all the MOM
schemes, the gauge dependence of Γ(H → gg) un-
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FIG. 13. Total decay width Γ(H → gg) versus the gauge
parameter (ξ) up to two-loop and three-loop levels under three
symmetric MOM schemes. The dotted line is for conventional
scale setting approach with µ = MH and the shaded band
shows its renormalization scale uncertainty by varying µ ∈
[MH/4, 4MH ]. The solid line is the PMC prediction, which is
independent to the choice of renormalization scale.
der the MOMgg scheme is the smallest and is less
than ±1%. In this sense the MOMgg scheme could
be treated as the best type of MOM scheme.
• By applying the PMC, the scale independent ef-
fective momentum flow (Q¯) of the process can be
fixed by using the RGE, and as shown by Figs.(5,
12), it differs for various MOM schemes, which en-
sures the scheme independence of pQCD predic-
tions [40]. For examples, if setting ξMOM ∈ [−3, 3],
the effective scale Q¯ is ∼ [31, 45] GeV for mMOM
scheme, ∼ [25, 47] GeV for MOMh, MOMq and
MOMg schemes, ∼ [109, 122] GeV for MOMgg
scheme; if setting ξMOM within a smaller allow-
able region [−1, 1], the effective scale Q¯ changes
to ∼ [43, 45] GeV for mMOM scheme, ∼ [40, 47]
GeV for MOMh, MOMq and MOMg scheme, and
∼ [119, 122] GeV for MOMgg scheme. The small
differences of Q¯ for ξMOM ∈ [−1, 1] shall be fur-
ther compensated by the differences of asymptotic
scale, leading to a weaker gauge dependence of
Γ(H → gg) for ξMOM ∈ [−1, 1].
• After applying the PMC, due to the elimina-
tion of renormalization scale ambiguity, a more
accurate pQCD prediction for Γ(H → gg) can
be achieved. It is found that the uncertainties
caused by ∆αs(MZ) and ∆MH are small, which
are around 4% and 1%, respectively. By taking
ξMOM ∈ [−1, 1], the total decay width Γ(H →
gg)|mMOMPMC shall be changed by about 10%, 3%, 2%
and 5% for n = 2, 3, 4, 5, respectively; the total de-
cay widthes Γ(H → gg)|MOMh,MOMq,MOMgPMC behave
closely, which shall be changed by about 33%, 12%,
11% and 19% for n = 2, 3, 4, 5, respectively; and the
total decay width Γ(H → gg)|MOMggPMC is almost in-
dependent to the choice of gauge parameter, which
shall be changed by only ∼ 1% for n = 3, 4, 5. By
adding all the mentioned errors in quadrature, we
obtain five-loop predictions of Γ(H → gg) under
five asymmetric MOM schemes,
Γ(H → gg)|mMOMPMC = 332.8+13.8−8.4 KeV, (61)
Γ(H → gg)|MOMhPMC = 332.8+28.5−35.6 KeV, (62)
Γ(H → gg)|MOMqPMC = 332.9+28.4−35.5 KeV, (63)
Γ(H → gg)|MOMgPMC = 332.7+28.4−35.4 KeV, (64)
Γ(H → gg)|MOMggPMC = 337.9+7.6−7.7 KeV. (65)
The MOMgg decay width has the smallest net error
due to the small gauge dependence. It is found that
the Higgs decay width Γ(H → gg) varies weakly on
the choice of the MOM schemes, being consistent
with the renormalization group invariance. Such
small differences (less than ∼ 1%) among differ-
ent schemes could be attributed to the unknown
higher-order terms, e.g. the unknown N4LL and
higher-order terms in the PMC scale Q¯’s pertur-
bative series [71]. For example, with the help of
Eq.(53), if treating ±|λ3a3(Q)| as an estimation of
the contribution of the unknown N4LL-term of Q¯,
the change of the total decay width ∆Γ(H → gg)
shall well explain the gaps of the total decay widths
of different schemes, e.g. ∆Γ(H → gg)|PMC ≃ ±2.8
KeV for all the MOM schemes.
• The pQCD convergence of the conventional series
varies greatly under different choices of the renor-
malization scale, due to the mismatching of the
perturbative coefficient with the αs-value at the
same order; Thus it is improper to use the con-
ventional series to predict the unknown terms. On
the other hand, after applying the PMC, the scale-
independent coupling αs(Q¯) is determined, and to-
gether with the scale-invariant conformal coeffi-
cients, one can achieve the intrinsic perturbative
nature of the pQCD series and give more reliable
prediction of unknown terms. Using the known
five-loop prediction of Γ(H → gg) as an explicit ex-
ample, if choosing±|r5,0a6s(Q¯)| as a conservative es-
timation of the unknown six-loop prediction, we ob-
tain the O(α6s)-order contribution is ±3.1 KeV for
the mMOM, MOMh, MOMq and MOMg schemes,
and ±9.3 KeV for MOMgg scheme.
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Appendix A: The relation of the renormalization
constants under the mMOM and MS schemes
Eq.(18) shows that for any scheme R, we have
ZRa =
1
ZR3
(
Z˜R1
Z˜R3
)2
, (A1)
and then we obtain
ZMSa
ZmMOMa
=
ZmMOM3
ZMS3
(
Z˜MS1
Z˜mMOM1
)2(
Z˜mMOM3
Z˜MS3
)2
=
ZmMOM3
ZMS3
(
Z˜mMOM3
Z˜MS3
)2
. (A2)
On the other hand, Eq.(12) leads to
ZmMOM3
ZMS3
=
1 + ΠmMOMA
1 + ΠMSA
, (A3)
and Eq.(13) leads to
Z˜mMOM3
Z˜MS3
=
1 + Π˜mMOMc
1 + Π˜MSc
. (A4)
At the substraction point q2 = −µ2, Eqs.(23, 24) lead to
ZmMOM3
ZMS3
=
1
1 + ΠMSA
,
(
Z˜mMOM3
Z˜MS3
)2
=
1
(1 + Π˜MSc )
2
. (A5)
Substituting Eqs.(A2, A5) into Eq.(22), we get the re-
quired Eqs.(36, 26).
Appendix B: Perturbative transformations of the
strong couplings and gauge parameters among the
MOM schemes and the MS scheme
In this Appendix, we give the perturbative transfor-
mations of the strong couplings and gauge parameters
among a specific MOM scheme and the MS scheme.
For convenience, we use the short notations (a, ξ) and
(a, ξ) to represent (aMS, ξMS) and (aMOM, ξMOM), respec-
tively. The transformations have firstly been considered
in Ref.[4] and then been improved in Ref.[80]. Here for
self-consistence and for our present needs, we give a more
detailed derivation and one-order higher transformations
than those of Ref.[80].
Generally, one can expand the strong couplings and
gauge parameters under the MOM scheme over the ones
under the MS scheme. Up to the present known order
and to suit the needs of our present discussions, we have
a = a+
4∑
i=1
φi(ξ)a
i+1 +O(a6), (B1)
ξ = ξ
(
1 +
3∑
n=1
ψn(ξ)a
n +O(a4)
)
. (B2)
And inversely, we have
a = a+
4∑
n=1
bn(ξ)a
n+1 +O(a6), (B3)
ξ = ξ
(
1 +
3∑
n=1
χn(ξ)a
n +O(a4)
)
. (B4)
Those two expansions (B3) and (B4) are important to
transform the known MS perturbative series of a physical
observable to the one under a certain MOM scheme.
Our task is to derive the coefficients bi(ξ) and χi(ξ)
from the known ones φi(ξ) and ψi(ξ). For the purpose,
we first do the following Taylor expansions:
φi(ξ) =
∞∑
n=0
dnφi(ξ)
n!dξn
(ξ − ξ)n, i = 1, 2, 3, 4 . . . , (B5)
ψj(ξ) =
∞∑
n=0
dnψj(ξ)
n!dξn
(ξ − ξ)n, j = 1, 2, 3 . . . , (B6)
where
ξ − ξ = ξ
(
χ1(ξ)a+ χ2(ξ)a
2 + χ3(ξ)a
3 +O(a4)
)
.(B7)
Here φi(ξ) and ψj(ξ) can be derived form Eqs.(26, 34, 36,
42, 45, 47) with the known results given in Refs.[11, 26].
Substituting Eq.(B3) into Eq.(B1) and using the for-
mula (B5) in combination with Eq.(B7), then an expres-
sion of bi(ξ) over φi(ξ) and bi(ξ) can be obtained. Sim-
ilarly, substituting Eq.(B4) into Eq.(B2) and using the
formula Eq.(B6) in combination with Eq.(B7), one can
obtain the expression of χi(ξ) over ψi(ξ) and χi(ξ). It
is straightforward to obtain the following set of transfor-
mation eqnarrays:
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b1(ξ) = −φ1(ξ) , χ1(ξ) = −ψ1(ξ) , (B8)
b2(ξ) = −φ2(ξ) + 2φ21(ξ) + ξψ1(ξ)
dφ1(ξ)
dξ
, (B9)
χ2(ξ) = −ψ2(ξ) + ψ21(ξ) + ψ1(ξ)φ1(ξ) + ξψ1(ξ)
dψ1(ξ)
dξ
, (B10)
b3(ξ) = −φ3(ξ) + 5φ2(ξ)φ1(ξ)− 5φ31(ξ) + ξψ1(ξ)
dφ2(ξ)
dξ
− 1
2
ξ2ψ21(ξ)
d2φ1(ξ)
dξ2
+ξ
dφ1(ξ)
dξ
(
ψ2(ξ) − ψ21(ξ)− 5ψ1(ξ)φ1(ξ) − ξψ1(ξ)
dψ1(ξ)
dξ
)
, (B11)
χ3(ξ) = −2φ1(ξ)ψ1(ξ)2 − 2φ1(ξ)2ψ1(ξ) + φ2(ξ)ψ1(ξ) + 2φ1(ξ)ψ2(ξ)− ψ1(ξ)3 + 2ψ2(ξ)ψ1(ξ)− ψ3(ξ)
+ξ
[
− dφ1(ξ)
dξ
w1(ξ)
2 +
dψ1(ξ)
dξ
(−2φ1(ξ)ψ1(ξ)− 3ψ1(ξ)2 + ψ2(ξ))+ dψ2(ξ)
dξ
ψ1(ξ)
]
+ξ2
[
−
(
dψ1(ξ)
dξ
)2
ψ1(ξ)− 1
2
d2ψ1(ξ)
dξ2
ψ1(ξ)
2
]
, (B12)
b4(ξ) = 14φ1(ξ)
4 − 21φ2(ξ)φ1(ξ)2 + 6φ3(ξ)φ1(ξ) + 3φ2(ξ)2 − φ4(ξ)
+ ξ
[
dφ1(ξ)
dξ
(
3ψ1
(
ξ)(2φ1(ξ)ψ1(ξ) + 7φ1(ξ)
2 − 2φ2(ξ)
) − 6φ1(ξ)ψ2(ξ) + ψ1(ξ)3
− 2ψ1(ξ)ψ2(ξ) + ψ3(ξ)
)
+
dφ2(ξ)
dξ
(−6φ1(ξ)ψ1(ξ) − ψ1(ξ)2 + ψ2(ξ))+ dφ3(ξ)
dξ
ψ1(ξ)
]
+ ξ2
[
dφ1(ξ)
dξ
(
dψ1(ξ)
dξ
(
6φ1(ξ)ψ1(ξ) + 3ψ1(ξ)
2 − ψ2(ξ)
)− dψ2(ξ)
dξ
ψ1(ξ)
)
+
d2φ1(ξ)
dξ2
ψ1(ξ)
(
3φ1(ξ)ψ1(ξ) + ψ1(ξ)
2 − ψ2(ξ)
)
+ 3(
dφ1(ξ)
dξ
)2ψ1(ξ)
2
− dφ2(ξ)
dξ
dψ1(ξ)
dξ
ψ1(ξ)− 1
2
d2φ2(ξ)
dξ2
ψ1(ξ)
2
]
+ ξ3
[
d2φ1(ξ)
dξ2
dψ1(ξ)
dξ
ψ1(ξ)
2 +
dφ1(ξ)
dξ
(
1
2
d2ψ1(ξ)
dξ2
ψ1(ξ)
2 + (
dψ1(ξ)
dξ
)2ψ1(ξ)
)
+
1
6
d3φ1(ξ)
dξ3
ψ1(ξ)
3
]
. (B13)
The above formulas are adaptable for any MOM
schemes, the differences lie in the exact expressions for
coefficient functions. It is interesting to find that at the
two-loop level, the perturbative predictions under the
MOMh, MOMq and MOMg schemes are exactly the
same, which can be demonstrated with the help of the
formulas (34, 42, 45). The differences (numerically very
small) among those three renormalization schemes start
from three-loop level.
Appendix C: The perturbative coefficients of the
PMC scale
The perturbative coefficients λi (i = 0, 1, 2, 3) for the
expansion of ln Q¯2/Q2 over the coupling constant a(Q)
up to NNNLL accuracy are
λ0 = −r2,1
r1,0
, (C1)
λ1 =
(p+ 1)(r2,0r2,1 − r1,0r3,1)
pr21,0
+
(p+ 1)(r22,1 − r1,0r3,2)
2r21,0
β0, (C2)
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λ2 =
(p+ 1)2
(
r1,0r2,0r3,1 − r22,0r2,1
)
+ p(p+ 2)
(
r1,0r2,1r3,0 − r21,0r4,1
)
p2r31,0
+
(p+ 2)
(
r22,1 − r1,0r3,2
)
2r21,0
β1
− (p+ 1)(2p+ 1)r2,0r
2
2,1 − (p+ 1)2 (2r1,0r2,1r3,1 + r1,0r2,0r3,2) + (p+ 1)(p+ 2)r21,0r4,2
2pr31,0
β0
+
(p+ 1)(p+ 2)
(
r1,0r2,1r3,2 − r21,0r4,3
)
+ (p+ 1)(1 + 2p)
(
r1,0r2,1r3,2 − r32,1
)
6r31,0
β20 , (C3)
λ3 =
1
p3r41,0
[
pr21,0
((
p2 + 3p+ 2
)
r3,0r3,1 + p(p+ 3) (r2,1r4,0 − r1,0r5,1)
)
+ (p+ 1)3
(
r32,0r2,1 − r1,0r22,0r3,1
)
+p
(
p2 + 3p+ 2
)
r1,0r2,0 (r1,0r4,1 − 2r2,1r3,0)
]
+
(p+ 3)
(
r22,1 − r1,0r3,2
)
2r21,0
β2
−
(p+ 1)
[
r1,0
(
(p+ 3)r1,0r4,2 − 2(p+ 2)r2,1r3,1
)
+ r2,0
(
(2p+ 3)r22,1 − (p+ 2)r1,0r3,2
)]
2pr31,0
β1
−
(
4p2 + 9p+ 3
)
r32,1 − 6
(
p2 + 3p+ 2
)
r1,0r3,2r2,1 +
(
2p2 + 9p+ 9
)
r21,0r4,3
6r31,0
β0β1
+
1
2p2r41,0
[
(p+ 1)2r22,0
(
3pr22,1 − (p+ 1)r1,0r3,2
)
− (p+ 1)2r1,0r2,0
(
2(2p+ 1)r2,1r3,1 − (p+ 2)r1,0r4,2
)
+r1,0
(
− 2p2(p+ 2)r3,0r22,1 + 2p
(
p2 + 3p+ 2
)
r1,0r4,1r2,1 + r1,0(p+ 1)
3r23,1
+p(p+ 2)r1,0
(
(p+ 1)r3,0r3,2 − (p+ 3)r1,0r5,2
))]
β0
+
p+ 1
6 p r41,0
[
r2,0
((
6p2 + 5p+ 1
)
r32,1 − 3
(
2p2 + 3p+ 1
)
r1,0r3,2r2,1 +
(
p2 + 3p+ 2
)
r21,0r4,3
)
+r1,0
(
− 3 (2p2 + 3p+ 1) r3,1r22,1 + 3 (p2 + 3p+ 2) r1,0r4,2r2,1 + 3(p+ 1)2r1,0r3,1r3,2
− (p2 + 5p+ 6) r21,0r5,3
)]
β20 +
p+ 1
24r41,0
[ (
6p2 + 5p+ 1
)
r42,1 − 6
(
2p2 + 3p+ 1
)
r1,0r3,2r
2
2,1
+4
(
p2 + 3p+ 2
)
r21,0r4,3r2,1 + r
2
1,0
(
3(p+ 1)2r23,2 −
(
p2 + 5p+ 6
)
r1,0r5,4
)]
β30 . (C4)
Appendix D: The MS-scheme coefficients ri,j(MH) for
Γ(H → gg) up to α6s-order level
Using the perturbative coefficients Ck(µ) at the renor-
malization scale µ =MH known in Ref. [50], we can ob-
tain the required MS-scheme coefficients ri,j(MH), which
can be adopted for our present PMC analysis. More ex-
plicitly, up to α6s-order, the coefficients ri,j(MH) are
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r1,0(MH) = 16, (D1)
r2,0(MH) = 288, (D2)
r2,1(MH) = 56, (D3)
r3,0(MH) = 3424 ln
M2H
m2t
− 10560ζ3 − 153160
9
, (D4)
r3,1(MH) = −256
3
ln
M2H
m2t
− 160ζ3 + 15424
9
, (D5)
r3,2(MH) =
2032
9
− 16π
2
3
, (D6)
r4,0(MH) =
286664
3
ln
M2H
m2t
+
1196800ζ5
3
− 2136260ζ3
9
−47446802
81
, (D7)
r4,1(MH) = 856 ln
2 M
2
H
m2t
+
39028
9
ln
M2H
m2t
+
3040ζ5
3
−712325ζ3
18
+ 856π2 − 401489
9
, (D8)
r4,2(MH) = −128
3
ln2
M2H
m2t
− 2380
9
ln
M2H
m2t
− 1104ζ3
−416π
2
3
+
695671
81
, (D9)
r4,3(MH) = −32ζ3 + 28508
27
− 56π2, (D10)
r5,0(MH) = 366368 ln
2 M
2
H
m2t
−
(
4308480ζ3 +
37289332
9
)
ln
M2H
m2t
+
698066944a5
945
+
806396224a4
567
− 125910400ζ7
9
+
9927911216ζ5
945
+ 8518400ζ23 +
121633044056ζ3
4725
− 2786175509π
4
127575
− 558112π
2
3
+
2542274821357
255150
−87258368 ln
5 2
14175
+
100799528 ln4 2
1701
+
87258368π2 ln3 2
8505
− 100799528π
2 ln2 2
1701
+
(
298190944π4
42525
+
109568
9
π2
)
ln 2, (D11)
r5,1(MH) = 12916 ln
2 M
2
H
m2t
+
(
592412ζ3
15
+
46766278
135
)
ln
M2H
m2t
− 349033472a5
1575
− 404118752a4
945
− 69440ζ7
9
+
2655253192ζ5
1575
+ 154880ζ23 −
81219195943ζ3
47250
+
3225459599π4
425250
+
1364764π2
45
− 551995547183
212625
+
43629184 ln5 2
23625
− 50514844 ln
4 2
2835
− 43629184π
2 ln3 2
14175
+
50514844π2 ln2 2
2835
−
(
149095472π4
70875
+
8192
45
π2
)
ln 2, (D12)
r5,2(MH) =
1712
5
ln3
M2H
m2t
+
25756
15
ln2
M2H
m2t
+
(
32137ζ3
5
− 1712π
2
5
+
95279
45
)
ln
M2H
m2t
+
2192a4
3
+5144ζ5 + 1760ζ
2
3 +
(
3520π2 − 92524417
540
)
ζ3 − 183623π
4
900
+
118844π2
15
− 52667603
405
+
274 ln4 2
9
− 274
9
π2 ln2 2, (D13)
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r5,3(MH) = −128
5
ln3
M2H
m2t
− 742
5
ln2
M2H
m2t
+
(
128π2
5
− 17948
15
)
ln
M2H
m2t
− 480ζ5 +
(
160π2 − 21104
3
)
ζ3
−86794π
2
45
+
4999417
108
, (D14)
r5,4(MH) = −448ζ3 + 773024
135
− 4064π
2
9
+
16π4
5
. (D15)
Where ζn is Riemannian Zeta function, an = Lin(
1
2 ) =
∑∞
k=1
(
2kkn
)−1
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